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Note on the growth of Area functions 
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Abstract 

Let 

r 2tt 

A(r,f) = J J \f(pe ie )\ 2 pdpd9, 

o 

where r = \z\ < 1. A(r, f) is the area of { z : \z\ < r } under /. In this note 
we prove that 

1 .. i , 



A(r, f) < -\\f\\H°° J \f{re w )\dd 
o 

and based on this result, a new proof of the inequalities of D. J. Hallenbeck 
for the Area functions of multipliers of fractional Cauchy transforms is given. 

1 Introduction. 

Let D denote the unit disk in the complex plane and T- the unit circle. Let M 
be the Banach space of all complex-valued Borel measures on T with the usual 
variation norm. For a > 0, let T a denote the family of functions g for which there 
exists /i G M such that 

g(z)= [ 1 d(i(£), zeB. (1) 

T 

We note that T a is a Banach space with the natural norm 

= inf {||/i|| :/jGM such that (1) holds } . 
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Definition 1. Suppose that f is holomorphic in D. Then f is called a multiplier 

of T a if g E T a ^ fg e T a . 

Let m a denote the set of multipliers of T a and 

ll/llma=sup{||/«/lk:|Mk<l}- 
For / analytic in D define 

r 2vr 

A(r,f) = J J \f'(pe w )\ 2 pdpd9 
o o 

for r = \z\ < 1. A(r, /) is the area of { z : \z\ < r } under /. 

In [1] D. J. Hallenbeck determined the sharp growth of A(r, f) for / e m a . In 
this note we give new proof of these results. 

2 Main Lemma. 

Lemma 1. If f e H°° , then 

A{r,f)<\\\f\\ H ~ J \f(re»)\dO 



Proof. 



o 



r 2w r / 2tt 



A(rJ) = J J\f'(pe* d )\ 2 pdpd6 = 2nJ l±- J \f'(pe ie )\ 2 d9\ pdp 

\ / 

= 2nf (jr(k + l) 2 \f(k + l)\ 2 p 2k )pdp 

{ \k=0 J 

r 

= 2njT(k + l) 2 \f(k + l)\ 2 f p 2k+1 dp 
k=o { 

oo 

= + l)|/>+ l)| 2 r 2(fc+1) 

fc=0 

Applying Parseval's relations 

y We^) f\re w )re iB d6 = ^{k + + l)r k+1 J e~ i{k+l)e f{re ie ) d6 

o 

oo 

= 27r$> + l)|/>+ l)| 2 r 2 ( fc+1 ) 



fc=0 



fc=0 
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we obtain 

1 



A{rJ) = - J f(re^)f'(re* 9 )re* e d9, 
o 

which implies 

A(rJ) <± sup \f(re id )\ j \f'(re id )\ d9 < l -\\f\\ H ~ J \f(re i6 )\de. 



3 Applications of the Main Lemma. 

It was proved by Hallenbeck and Samotij that 

2vr 

j\f\re ie )\d6<c\\f\\ ma j^-^ ,0<a<l; 



o 

j \f{re^)\de<c\\f\\ mi ^- r ^- , 
o ^ 



where c denotes a universal constant which may change from line to line or even 
within a line. 

The inequalities 

^(r,/)<c||/||^||/|| ma ^-i^ ,0<a<l; 

A{rJ)<c\\f\\ H ~\\f\\ mi ^— V 

follow immediately from the Main Lemma. The same inequalities were obtained by 
D. J. Hallenbeck [1] with the help of more complicated method. 
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